We establish an estimate for the ratio of eigenvalues of the Dirichlet eigenvalue problem for the equation with one-dimensional p-Laplacian involving a nonnegative unimodal single-well potential.
Introduction
We consider the eigenvalue problem for the equation Under this assumption it is shown in 3 that the eigenvalues of
Moreover, if the equality holds in 1.5 for a pair of different integers, then c t ≡ 0 in 0, π . In our paper we show that this statement can be extended in a natural way to 1.1 , 1.2 . We show that 1.5 holds true for the half-linear case if in 1.5 the power 2 by integers m, n is replaced by the power p. As we will see, some arguments used in 3 can be extended directly to 1.1 , while others have to be "properly half linearized". The investigation of BVP 1.1 , 1.2 is closely related to the half-linear trigonometric functions and to the half-linear Prüfer transformation. Consider the equation
and its solution given by the initial condition x 0 0, x 0 1. This solution is a 2π p periodic odd function, we denote it by sin p t, see 2, 10, Section 1. 
In particular, from 1.6
Let x be a nontrivial solution of 1.1 and consider the half-linear Prüfer transformation see 2, 10, Section 1.1.3
x t r t sin p ϕ t , x t r t cos p ϕ t . 1.14 Then using the same procedure as in case of the classical linear Prüfer transformation one can verify that ϕ and r are solutions of
From 1.15 , ϕ > 0 at the points where x t 0, that is, where ϕ t nπ p , n ∈ N. Also, solutions of 1.15 behave similarly as in the linear case which means that the eigenvalues of 1.1 , 1.2 are simple, form an increasing sequence λ n → ∞ and the corresponding eigenfunction x n has exactly n − 1 zeros in π p , 0 . Moreover, if c t ≡ 0, then λ n p − 1 n p with the associated eigenfunction x n t sin p nt.
Preliminary Computations
To prove our main result, we will use the half-linear Prüfer transformation in a modified form. Therefore, we rewrite 1.1 into the form
with z > 0. Note that due to the fact that c t ≥ 0, all eigenvalues of 1. 
Ratio of Eigenvalues
In the previous section we have prepared computations which we now use in the proof of our main result which reads as follows. 
where ϕ is the Prüfer angle of x for which ϕ 0 0. Then y 0, z n x π p , z n 0 and y π p , z n x 0, z n 0, hence y is an eigenfunction of 2.1 , 1.2 when c is replaced by c. Moreover, we have θ 0, z n 0, θ π p , z n nπ p and
and hence
3.4
Similarly y t, z n r π p − t, z n cos p θ t, z n , that is, θ is the Prüfer angle corresponding to y. Denote ω t, z θ t, z /z. The function ω plays the same role for 2.1 , 1.2 with c replaced by c, as ψ for the original eigenvalue problem. Hence let us also suppose that we have proved thatω π p −t * , z ≥ 0 with the equality only if c t ≡ 0 on 0, π p −t * . Now, consider the function
Under the monotonicity assumptions on ψ and ω, the function F is nondecreasing and when 
where we have denoted the integrand in 3.9 by · . As soon as we show that each integral is nonnegative and equals zero only if c t ≡ 0 on the corresponding interval, the monotonicity of ψ t * , z will be proved. 
